Lorentz invariance is the fundamental symmetry of Einstein's theory of special relativity, and has been tested to great level of detail. However, theories of quantum gravity at the Planck scale indicate that Lorentz symmetry may be broken at that scale motivating further tests. While the Planck energy is currently unreachable by experiment, tiny residual effects at attainable energies can become measurable when photons propagate over sufficiently large distances. The Standard-Model Extension (SME) is an effective field theory approach to describe low-energy effects of quantum gravity theories. Lorentz and CPT symmetry violating effects are introduced by adding additional terms to the Standard Model Lagrangian. These terms can be ordered by the mass dimension of the corresponding operator, and the leading terms of interest have dimension d = 5. Effects of these operators are a linear variation of the speed of light with photon energy, and a rotation of the linear polarization of photons quadratic in photon energy, as well as anisotropy. We analyzed optical polarization data from 72 AGN and GRBs and derived the first set of limits on all 16 coefficients of mass dimension d = 5 of the SME photon sector. Our constraints imply a lower limit on the energy scale of quantum gravity of 10 6 times the Planck energy, severly limiting the phase space for any theory that predicts a rotation of the photon polarization quadratic in energy.
I. INTRODUCTION
Lorentz invariance, the fundamental symmetry of Einstein's theory of special relativity, has been established by many classic experiments, such as the Michelson-Morley experiment [1] , and since then been tested to a great level of detail [2] . However, theories that attempt to unify gravity and the Standard Model of particle physics at the Planck scale (E P = c 5 /G ≈ 1.22 × 10
19 GeV), imply that there may be deviations from Lorentz invariance at these energies [3] . These predictions motivate even more detailed tests of Lorentz invariance.
In the photon sector, violations of Lorentz invariance can lead to an energy dependent vacuum dispersion and birefringence, as well as an anisotropy of the vacuum [4] . At attainable energies, E E P , any deviation from Lorentz symmetry is expected to be very small. However, when photons travel over cosmological distances, even tiny deviations accumulate resulting in potentially measurable effects [3] .
Vacuum birefringence leads to a wavelength-dependent rotation of the polarization vector of linearly polarized photons. Hence, broadband polarimetric observations of astrophysical sources can be used to test Lorentz invariance. Such measurements are generally more sensitive than dispersion measurements by the ratio between the period of the light wave and the resolution with which the arrival times can be measured in a dispersion test, see e. g. [5] . Note that the latter is usually limited by the source dependent flux variability time scale which can exceed the timing resolution of the detector by several * Send correspondence to: fkislat@physics.wustl.edu orders of magnitude.
The Standard-Model Extension (SME) is an effective field theory approach describing low-energy effects of a more fundamental theory of physics at the Planck scale, such as Lorentz and CPT violation [5, 6] . It considers additional terms to the Standard Model Lagrangian, which can be ordered by the mass dimension d of the corresponding tensor operator. Photon dispersion introduced by operators of dimension d is proportional to E d−4 , and birefringence is proportional to E d−3 . All (d − 1) 2 coefficients of odd d lead to both dispersion and birefringence, whereas for even d there is a subset of (d − 1) 2 non-birefringent coefficients. In a previous paper, we provided the first complete set of constraints on all nonbirefringent coefficients of d = 6 using Fermi observations of AGN light curves [7] . In this paper, we use optical polarization measurements to fully constrain the coefficients of d = 5 setting lower limits on the energy where birefringence due to Lorentz-invariance violation becomes effective well beyond E P .
Very tight constraints on the isotropic Lorentzinvariance violating (LIV) parameters of d = 5, as well as linear combinations of the anisotropic parameters, have been derived from x-ray polarization measurements of GRBs [8, 9] . These limits, however, suffer from a relatively low statistical confidence of the polarization measurements and large systematic uncertainties. Studies of Cosmic Microwave Background (CMB) polarization data provide strong constraints that do not have these issues and are sensitive to some of the anisotropic parameters [10] .
As mentioned above, dimension 5 terms also lead to photon dispersion. The tightest constraint on linear variations of the speed of light has been derived from timeof-flight measurements of GRB 090510 with the Fermi satellite [11] , placing a lower limit on the relevant energy scale of quantum gravity at 1.22E P . This limit is not competitive in the SME framework. However, there are certain theories, such as Doubly-Special Relativity (DSR, [12] , however, see Sec. IV.F.3 of Ref. [5] for a critique of DSR), that cannot be described in the effective field theory framework.
Optical polarization measurements are highly sensitive and exist for a sufficient number of sources in the sky to allow a spherical decomposition and, hence, to individually constrain all d = 5 parameters of the SME photon sector. We have studied optical polarization from 72 AGN and GRB afterglows and found constraints on each of the 16 parameters of d = 5 that are stronger than those derived from CMB polarization. This paper is structured as follows: Section II gives an overview of the mathematical framework of vacuum birefringence due to Lorentz-invariance violation in the Standard-Model Extension. Section III details the methods used in this analysis, which build on this framework. Section IV lists constraints on vacuum birefringence obtained in the present analysis, and we derive constraints on the Lorentz-invariance violating parameters of the Standard-Model Extension. Section V summarizes our findings.
II. VACUUM BIREFRINGENCE IN THE STANDARD-MODEL EXTENSION
In the Standard-Model Extension the vacuum photon dispersion relation can be written as [5] 
An expansion in mass-dimension and spherical harmonics yields for photons of momentum p arriving from direction (θ k , ϕ k ):
where k
(V )jm represents sets of (d − 1) 2 CPT-odd coefficients, which are non-zero only for odd d. The other coefficients are CPT-even and non-zero only for even d. Hence, in the lowest-order non-minimal SME with d = 5 there are 16 complex coefficients k (5) (V )jm describing Lorentz invariance violation in the photon sector. Since ς 3 must be real,
leading to a total of 16 real parameters. Non-zero values of these parameters will result in an energy, direction and polarization dependence of the photon velocity in the vacuum. The latter leads to a birefringence of the vacuum. The polarization angles of two photons observed at energies E 1 and E 2 emitted at red shift z k which initially have the same polarization angle will differ at present by [8] 
where
with the present day Hubble constant H 0 = 67.11 km s
We introduce the parameter ζ (5) k , which is constrained by the observations. Hence, a measurement of ∆ψ allows to contrain a linear combination of the k
Spectropolarimetric measurements allow direct application of Eq. (6). The main difficulty is then to constrain the rotation angle caused by Lorentz-invariance violation, ∆ψ LIV , in the presence of a possible source intrinsic rotation ∆ψ source . This procedure is described in Section III A.
When integrating over an energy range E 1 . . . E 2 , on the other hand, one makes use of the fact that a large polarization swing over this energy range would essentially cancel out any observable polarization. The analysis of spectrally integrated polarization measurements is described in detail in Section III B.
III. METHODS

A. Spectropolarimetric measurements
In our analysis we made use of a large sample of publicly available spectropolarimetric measurements of Active Galactic Nuclei (AGN) [13] covering observer frame wavelengths between 4000 Å and 7550 Å. From this sample we selected distant sources with redshift z > 0.6. We fit the polarization angle of each measurement that resulted in a polarization fraction P > 10 % with a linear function,
in the wavelength interval 4500 Å ≤ λ < 7000 Å in order characterize the change of the polarization angle within this range. We use a linear fit, instead of a quadratic function as one would expect from Eq. 
Rotation of the polarization vector in the wavelength range 450 nm to 700 nm according to Eq. (8) for AGN with z < 0.4 in the Steward Observatory sample [13] . The fit parameters are:
We used a binned log-likelihood fit that correctly takes into account empty bins. As a measure of the goodness of fit, we calculated the chi-squared using a weight of 1 for empty bins, resulting in χ 2 /N df = 73/155.
bandwidth is not sufficiently sensitive to any curvature in the parametrization. In order to determine whether there is a significant influence on ψ due to Lorentz invariance violation, we compare the distribution of fit parameters ρ k from each source with values obtained from "nearby" sources. As a control sample, we use the distribution of ρ values from all polarization measurements with P > 10 % of sources with z < 0.4. This sample consists of the following 16 objects: 3C 66A, BL Lac, MG1 J021114+1051, Mrk 421, OJ 287, ON 325, PKS 0736+01, PKS 1222+216, PKS 1510-08, PKS 2155-304, PKS 2233-148, PMN J0017-0512, S3 1227+25, S4 0954+658, S5 0716+714, and W Comae. The resulting distribution and its parametrization, f (ρ), are shown in Fig. 1 .
It should be noted that the source classes of distant and nearby objects are not identical. Almost all distant sources are flat-spectrum radio quasars (FSRQs), with the only exception being the BL Lac SDSS J084411+5312. The majority of nearby AGN, on the other hand, are BL Lac-type sources. This is due to a well-known observational bias: BL Lacs are more abundant but generally weaker than FSRQs [14] . Reproducing Fig. 1 for the two source classes individually resulted in no significant difference in the parameter σ 1 of f (ρ). There are not enough data points in the individual distributions to constrain the parameter σ 2 . We, therefore, argue that this difference in source population will not have a significant influence on the search for Lorentz invariance violation.
We use the parametrization f (ρ) to define the logarithm of the likelihood ratio,
with
where the sum runs over all N k polarization measurements ρ k,i from the kth source. The LIV-induced rotation of the polarization angle is given by
and the bandwidth ∆λ = 2500 Å. We reject a given value
.05 under the assumption that there is an LIV-induced rotation ρ L . This probability, and hence the value of η L that must be chosen, depends on the value of ρ L and the number of measurements N k . We find this value using Monte Carlo integration by generating 10 5 data sets each consisting of N k measurements of ρ randomly drawn from the distri-
Upper and lower limits ρ
L,min/max are then determined from the observations of the kth source by finding the smallest value ρ
These constraints can directly be converted into limits on the LIV parameter ζ (5) k using Eq. (11) . Note that our method is conservative in the sense that Lorentz invariance violations in the nearby source sample lead to a broader f (ρ) distribution, and thus lead to weaker upper limits.
B. Spectrally integrated polarization measurements
When integrating over an energy range E 1 . . . E 2 in a polarization measurement, the observed polarization will essentially vanish if ∆ψ > π across the observed energy range, independent of the polarization fraction at the source. This has been used in Ref. [8] to derive constraints on the linear combinations of k (5) (V )jm from gamma-ray polarization measurements of GRBs. The problem with this approach is that the observed polarizations may not cancel entirely due to an energydependence of the photon detection efficiency and the photon spectrum of the source, leading to a residual polarization fraction.
Assuming a non-zero parameter ζ
k , an upper limit on the observable polarization in the presence of Lorentz invariance violation can be calculated by integrating the induced rotation of the polarization angle, Eq. (6), over the bandwidth of the filter. Assuming a 100% polarized source leads to the following values of the Stokes parameters describing linear polarization:
U (ζ
where T (E) is the transmissivity of the filter used for the observation as a function of photon energy, E = hc/λ. The integrand of Q(ζ Fig. 2 for the RINGO "V+R" filter [15] . In principle, one has to consider the photon spectrum F (E) in addition to the transmissivity. However, due to the relatively flat optical spectra and narrow bandwidths considered here, this will have only a minor effect. The source spectra were, thus, neglected in order to simplify the analysis.
From these equations follows the upper limit on the observable polarization:
The filter transmission curves used in the measurements which comprised the analysis presented here and resulting maximum observable polarization values, P max are shown in Fig. 3 . We chose the integration range E 1 = 1.2 eV and E 2 = 2.8 eV, broad enough for all filters. Filters with a broader bandwidth clearly result in a smaller net polarization. The relatively flat-top R special , V+R, and HOWPol V-band filters result in fringes in the P max curves with minima where ∆ψ(ζ
k ) is a multiple of π over the bandwidth of the filter.
A measurement of the polarization fraction P k from the kth source can then be converted into a limit on ζ k,max |, which allows a polarization fraction P max > P k − 2σ k , where σ k is the uncertainty of the polarization measurement.
C. Combining multiple measurements to constrain anisotropic Lorentz invariance violation
The limits on ζ k found using the methods described in the previous sections can be converted into constraints on linear combinations of the SME parameters k Since there are 16 real components comprising the SME parameters k (5) (V )jm , we use polarization measurements from N ≥ 16 photon arrival directions, i. e. sources in the sky. This results in a linear system of inequalities derived from Eq. (6):
Constraints on the independent components v
(V )jm can be found using a linear least-squares fit, where θ k and ϕ k are the independent variables, γ k = 0±σ k with σ k = γ k,max /1.96 are the measurements, and v (5) i are the parameters of the fit. The covariance matrix of these parameters is then given by [21] :
where H is the coefficient matrix derived from Eq. (18) and V(γ) = diag(σ 2 k ) is the covariance matrix of the measurements. Limits on the components v 
IV. RESULTS
In this section we provide the constraints on the energy-dependent rotation of the linear polarization direction derived in this work. Figure 4 shows a skymap of all sources studied in this paper. It is obvious, that the distribution is not uniform in the sky, but favors small declinations |δ| < 45
• . This bias is, amongst others, due to the difficulty of observing extragalactic sources near the galactic plane, which fills more area near the celestial poles than the equator.
We selected all spectropolarimetric observations of sources with redshift z > 0.6 during which a polarization Skymap with all sources used in this analysis. In this paper we derive constraints on Lorentz-invariance violating parameters from optical polarization measurements of GRB afterglows and AGN. The blue circles are AGN selected from the Steward Observatory spectropolarimetric monitoring program [13] and the green triangles are sources from the catalog by Sluse et al. [22] . Optical GRB afterglow polarization measurements were collected from various sources [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . fraction P > 10 % was observed in the Steward Observatory AGN monitoring program. During cycles 1-7 of the program 27 sources fulfilled these criteria. Following the procedure described in Section III A, we derived limits on ζ (5) k and γ k for all sources. All sources and corresponding limits are listed in Table I .
As an additional check, we show the redshift dependence of the average rotation parameter ρ for each source in Fig. 5 . Each point in this figure corresponds to the weighted average value from all observations of a source. The error bars have been corrected by incorporating the variance of the measurements to account for variations of ρ for a single source.
We used a simple linear fit to test for the existence of a redshift dependent trend and find a ∼3σ deviation from zero. However, the fit quality is rather poor, and we found that this result is entirely dominated by two objects: 3C 66A and SDSS J084411+5312. Removing the corresponding data points significantly improves the fit quality, while the uncertainty on the slope does not change. This indicates that these two points do not follow the same linear trend as all other data points. Since Lorentz-invariance violation is universal, we conclude that these two results must be due to sourceintrinsic effects, which justifies their removal from the fit. We then find a slope of the linear fit of ρ/L z = (3.0 ± 41.5) × 10 −50 GeV/Å. This result can be converted into a limit on isotropic Lorentz invariance violation using Eq. (6): |k 
(V )jm are zero. This constraint is not competitive because limits derived from X-ray polarization measurements benefit from the significantly larger bandwidth [8, 9] .
In order to obtain a better coverage of the sky, in particular in the southern hemisphere, we also used spectrally integrated polarization results catalogued in Ref. [22] , as well as optical GRB polarization measurements [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . From the catalog [22] we selected 36 sources for which polarization was measured with at least 5σ significance. When choosing GRB afterglow polarization measurements from the literature, we required a 3σ or greater significance. Following the procedure described in Section III B, we use the curve for the appropriate filter in Fig. 3 (bottom) to find the largest value of ζ (5) k that may result in a polarization P max ≥ P k − 2σ k for each measurement of a polarization fraction P k . The results and the corresponding limits on γ k according to Eq. (17) are shown in Tables II and III. Figure 6 shows the distribution of all limits on γ k obtained in this analysis. As expected, the spectropolarimetric measurements are most constraining since the rotation of the polarization can be observed directly. Spectrally integrated polarization measurements, on the other hand, only allow one to deduce an upper limit on the possible rotation. The values in this table can be compared directly with previously published limits as listed in [2] . While limits derived from x-ray polarization measurements are about 7 orders of magnitude lower than the Tables I-III . The values can be compared directly to those listed in Ref. [2] . As expected, spectropolarimetric are more sensitive than measurements in which only the spectrally integrated net polarization is considered.
ones obtained here, the significance of the underlying polarization measurements is much lower than that of the optical polarization measurements used here. Our limits are more constraining than those derived from CMB polarization measurements, and they are systematically | Im k
independent. Using the method described in Section III C, we calculated the covariance matrix of the 16 real components of the k (5) (V )jm , Eq. (19) . The diagonal components of this matrix result in the 95 % confidence level limits listed in Table IV . The constraints on all parameters are equivalent to a lower limit on the energy where Lorentz invariance is violated significantly that exceeds E P by more than 6 orders of magnitude.
V. SUMMARY
In the Standard-Model Extension (SME), Lorentz invariance violating effects are described by adding additional terms to the Standard Model Lagrangian. These terms can be ordered by the mass dimension d of the corresponding operator. Operators of odd dimension are CPT-odd, and operators with even d are CPT-even. Since terms of d ≤ 4 are not suppressed by positive powers of E/E P , the leading order of interest for most Lorentz and CPT violation searches is d = 5. Operators of this dimension lead to an energy dependent vacuum dispersion and vacuum birefringence. In general, these effects can be anisotropic, and a spherical decomposition results in 16 complex coefficients at mass dimension d = 5 described by 16 real parameters.
We analyzed optical spectropolarimetry data from 27 AGN to derive constraints on vacuum birefringence. We derived an additional set of constraints from spectrally integrated polarization measurements from 36 AGN and afterglows of 9 GRBs. Using multiple sources in the sky allows us to perform a spherical decomposition of the LIV constraints and, thus, to constrain the 16 parameters of the SME photon sector at d = 5. The results are listed in Table IV. All parameters are constrained at the order of a few 10 −26 GeV −1 or better corresponding to a lower limit on the energy scale at which there may be significant Lorentz invariance or CPT violation of 10 6 E P . Since the Planck mass is considered an upper limit on the relevant energy scale for quantum gravity in most scenarios, our results severly constrain any theory that predicts an isotropic or anisotropic vacuum birefringence that is quadratic in photon energy. Furthermore, according to the SME, theories that cause a variation of the speed of light that is linear with photon energy are severly constrained. This statement holds for all theories whose low-energy effects can be described by an effective field theory.
Tighter constraints than those presented here have been derived from x-ray polarization measurements of GRBs. However, those measurements suffer from low statistical significance and large systematic uncertainties. Furthermore, our results for the first time constrain all 16 parameters at d = 5 individually. Our results are compatible with those found in CMB polarization measurements, but systematically different.
The methods developed here can be used directly to constrain the birefringent parameters k (4) (E)jm and k (4) (B)jm . At higher order, however, gamma-ray polarization measurements are necessary. For example, at d = 6 it is necessary to measure polarization of E 100 MeV photons to constrain the birefringent parameters at the Planck scale [7] . This might be achievable with next-generation Compton and pair-production telescopes (e. g. [43, 44] ).
